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A HOMOLOGICAL CHARACTERIZATION OF STEINITZ RINGS HELMUT LENZING
Abstract.
A ring R (associative with an identity) is called a right Steinitz ring if any linearly independent subset of a free right i?-module F can be extended to a basis of F. Steinitz rings have been investigated in a recent paper of Chwe and Neggers. In this note it is shown that the right Steinitz rings are exactly the right perfect, local rings.
Preliminaries.
R denotes an associative ring with an identity, and all modules are unitary right i?-modules. Obviously R is a right Steinitz ring iff, for any free right A-module F, and any free submodule U of F, F/ U is again free (and U a direct summand of F). Every projective i?-module P over a right Steinitz ring R is free: Let P be a direct summand of a free module F of infinite rank, then F=P ®F by a standard argument. Therefore P=P®F/F is free. Consequently R is a right Steinitz ring iff any right i?-module of finite homological dimension is free.
The Jacobson radical of R is denoted J = J(R). R is local if R/J is a (c) Any countable linearly independent subset of a (countably generated) free right R-module F can be extended to a basis of F.
(d) R is right perfect and any finitely generated projective right Rmodule is free.
(e) Ris a right perfect, local ring.
Proof. We will give a cyclic proof. . For any P-module E the P//-module E/EJ is denoted by E; for xEE the corresponding element of E is x. Suppose now that B is a basis of the P-module F and S a linearly independent subset of P. Since rFPD(P) =0, the submodule G generated by S is a direct summand of F. Therefore 5= {slsG^} is a linearly independent subset of F. Since R/J is a division ring and B a basis of F, there is a subset T of B (PPi5= 0) such that 5UT is a basis of F. The proof of (e)=>(a) is completed by the following lemma.
Lemma. Suppose R is right perfect, F is a projective right R-module and B is a subset of F. B is a basis of F iff B is a basis of the R/Jmodule F = F/FJ.
Proof. Suppose B is a basis of F. Let G be the submodule of F generated by P. Clearly G = F; i.e. iF/G)J= F/G. Therefore F = G since J is right P-nilpotent [l, p. 473]. Now, if H is a free right P-module with basis B, the identity map on B induces an epimorphism u:H->F with kernel N. Since 0-»A7->/i~-»P->0 splits, the corresponding sequence 0-»A7->P-»F-»0 is exact. û:H-»F is an isomorphism by hypothesis, therefore N = 0. Again, since / is right P-nilpotent, ^ = 0. Thus, u is an isomorphism and B is a basis of P.
3. Remarks. There is another characterization of right Steinitz rings. Govorov [3] proved that R is a right perfect, local ring iff every flat right P-module is free. 
